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fNJ . Abstract. The authors of [8] recently introduced and studied the 

notions of strong A 7 -summability with respect to an Orlicz func- 
. tion F and ^-statistical convergence, where A is a non-negative 

\mJ ' regular matrix and / is an ideal on the set of natural numbers. 

, In this note, we will generalise these notions by replacing A with 

a family of matrices and F with a family of Orlicz functions or 
moduli and study the thus obtained convergence methods. We 
will also give an application in Banach space theory, presenting a 
generalisation of Simons' sup-lim sup-theorem to the newly intro- 
1 duced convergence methods (for the case that the filter generated 

by the ideal I has a countable base), continuing the work of [19]. 



1 Introduction 

>: 

Let us begin by recalling that an ideal 7 on a non-empty set Y is a non-empty 
. set of subsets of Y such that Y I and I is closed under the formation of 

subsets and finite unions. The ideal is called admissible if {y} G I for each 
y G Y. For example, if Y is infinite then the set of all finite subsets of Y 
forms an ideal on Y. If I is an ideal, then J- (I) := {Y \ A : A G 1} is a filter 
on Y. 

Now if (x n )n£N is a sequence in a topological space X and I is an ideal 
on the set N of natural numbers then (x n ) nG N is said to be /-convergent to 
x G X if for every neighbourhood U of x the set {n G N : x n G" U} belongs to 
I (equivalently, {n G N : x n G U} G -7~~(-0)- In a HausdorfT space the /-limit 
is unique if it exists. It will be denoted by 7-limx n . If If is the ideal of all 
finite subsets of N then /^-convergence is equivalent to the usual convergence. 
Thus if / is admissible the usual convergence implies /-convergence. For a 
normed space X the set of all /-convergent sequences in X is a subspace of 
X N and the map (x n ) t-> /-limx n is linear. We refer the reader to [22], [7], 
[23] and [12] for more information on /-convergence. 
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Recall now that for a given infinite matrix A = (a n k) n fceN with real 
or complex entries a sequence s = (sk)keN of (real or complex) numbers is 
said to be ^4-summable to the number a provided that each of the series 
HT=l a nkSk is convergent and lim^oo Y^=i a nkSk = a. 

The matrix A is called regular if every sequence that is convergent in the 
ordinary sense is also A-summable to the same limit. A well-known theorem 
of Toeplitz states that A is regular iff the following holds: 

(i) sup ngN J]fctiKfc| < oo, 

(ii) lim^oo YlT=i a nk = 1, 
(hi) lim^oo a nk = V7c 6 N. 

Let us suppose for the moment that A is regular and also non-negative 
(i.e., a n k > for all n,k G N). We will denote by D{s,a,e) the set 
{k E N : \sk — a\ > e} for every e > 0. Then s is said to be ^-statistically 
convergent to a if for every e > we have linin^oo Ylk=i a nkXD(s,a,e)(k) = 0> 
where the symbol xk denotes the characteristic function of the set K C N. 
If one takes A to be the Cesaro-matrix (i.e., a n k = 1/n for k < n and 
o-nk = for k > n) one gets the usual notion of statistical convergence as it 
was introduced by Fast in [13]. Note that the set I a of all subsets K C N for 
which lim n _ 5 . 00 X^fcLi a nkXK(k) = holds, is an ideal on N and ^4-statistical 
convergence is nothing but convergence with respect to this ideal. 

For any number p > the sequence s is said to be strongly A-p- 
summable to a provided that YlkLi a nk\s k — a\ p < oo for all n € N and 
lim n ^. 00 YlkLi a nk\ s k ~ a \ P = 0. The strong ^4-p-summability is a linear con- 
sistent summability method and the strong A-p-limit is uniquely determined 
whenever it exists. In [3] Connor proved that s is statistically convergent 
to a whenever it is strongly p-Cesaro convergent to a and the converse is 
true if s is bounded. Practically the same proof as given in [3] still works if 
one replaces the Cesaro matrix by an arbitray non-negative regular matrix 
A. In particular, strong ^4-p-summability and ^4-statistical convergence are 
equivalent on bounded sequences (see also [5, Theorem 8]). More informa- 
tion on strong matrix summability can be found in [33] (for the case p = 1) 
or [18]. 

In [26] Maddox proposed a generalisation of strong ^4-p-summability by 
replacing the number p with a sequence p = (pfc)fceN of positive numbers: 
the sequence s is strongly A-p-summable to a if X^fcLi a nk\sk — «| Pfe < oo for 
every n G N and lim^oo Y1T=1 a nk\s k - a\ Pk = 0. 

Next, let us recall that a function F : [0, oo) — > [0, oo) is called an Orlicz 
function if it is increasing, continuous, convex and satisfies lim^oo F(t) = oo 
as well as F(t) = iff t = 0. If we drop the convexity and replace it by the 
condition F(s + 1) < F(s) + F(t) for all s, t > then F is called a modulus. 
For example, the function F p defined by F p (t) = t p is an Orlicz function for 
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p > 1 and a modulus for < p < 1. We will denote the set of all Orlicz 
functions by O and the set of all moduli by M. 

Connor introduced another generalisation of strong matrix summability 
in [5]: if F is a modulus then s is said to be strongly A-summable to the 
limit a with respect to F if Y2k=i a nkF(\s}~ — a\) < oo for all n G N and 
linij^oo X^fcLi a nkF{\sk — a\) = 0. It is shown in [5, Theorem 8] that strong 
^4-summability with respect to F implies A-statistical convergence and that 
the converse holds for bounded sequences. In [9] Demirci replaced the mod- 
ulus in Connor's definition by an Orlicz function and studied which results 
carry over to this setting. 

Another common generalised convergence method is that of almost con- 
vergence introduced by Lorentz in [24] . For this we first recall that a Banach 
limit is a linear functional L on the space £°° of all bounded real-valued se- 
quences such that L is shift-invariant (i.e., L((s n+ i) ne pj) = L((s n ) n eN)), 
positive (i. e., L((s n )neN) > if s n > for all n) and fulfils L(l, 1, . . . ) = 1. 
The existence of a Banach limit can be easily proved by means of the Hahn- 
Banach extension theorem. A sequence s G £°° is said to be almost conver- 
gent to a G R if L(s) = a for every Banach limit L. 

It is proved in [24] that almost convergence is equivalent to "uniform 
Cesaro convergence". More precisely, a bounded sequence s = (sfc)fceN in K 
is almost convergent to a € K iff the following holds: 

1 n oo 

— > Sk+i > a uniformly in i £ No, 

n 

fe=l 

where N = NU{0}. 

Lorentz subsequently introduced and studied the notion of ^-conver- 
gence by replacing the Cesaro-matrix with an arbitrary real-valued regular 
matrix A: a bounded sequence s = {sk)k&i i n K is said to be F^-convergent 
to a € R provided that 

oo 

dnfcSfc+i nH> °°> a uniformly in i G No- 

k=l 

Stieglitz further generalised the notion of almost convergence in the follow- 
ing way (cf. [32]): consider a sequence B = (Bi) ieNo = ((b^l)n,ken)ien °f 
matrices with entries in R or C and a bounded sequence s = (sk)k£N of real 
or complex numbers. Then s is said to be .F^-convergent to the number a if 
each of the series YlT=i ^nl s k with n G N, i G No is convergent and 

oo 

^2 nk s k n ^°°) a uniformly in i G No- 

k=l 

(i) (i) 

To obtain F^-convergence, take 6^ = a n k-i for k > i and b nk = for k < i. 
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Maddox introduced the .Fg-analogue of strong matrix summability in 
[27]. If each of the matrices Bi is non-negative and s = (s&:)fc€N is a (not 
necessarily bounded) sequence in R or C then s is said to be strongly Fq- 
convergent to a provided that 

oo 

b^l\sk — a\ "~ 5 ' 00 > uniformly in i G No- 

k=l 

Very recently, the authors of [8] introduced the following definitions, com- 
bining matrices and ideals. 

Definition 1.1 (cf. [8]). Let A = (a nk ) n ,keN De a non-negative regular ma- 
trix, / an ideal on N and F an Orlicz function. Let a be any real or complex 
number. A sequence s = (sk)keN in M or C is said to be 

(i) strongly ^-summable to a with respect to F if 

oo 

Filing a nk F(\s k - a\) = 0, 

k=l 

(ii) ^-statistically convergent to a if 

oo 

7-lim^ a nk XD(s,a,e)i k ) = 
k=l 

for every e > 0. 

It is proved in [8, Theorem 2.5] that yl^-summability with respect to F 
implies ^-statistical convergence (to the same limit) and the converse holds 
if the sequence s is bounded and F satisfies the A2-condition (i. e., there is 
a constant K such that F(2t) < KF(t) for all t > 0). 

We would like to propose here the following three definitions that include 
all the above mentioned generalised convergence methods. 

First we define a sequence (g n )nen of functions from a set S into a 
generalised metric space (X, d) 1 to be uniformly convergent to the function 
g : S — > X along the ideal I if for every e > there is some E 6 / such that 
for every s £ S 

{neN:d(g n {s),g(s))>e}QE 
or equivalently, for every e > we have 

I n G N : sup d(g n (s),g(s)) > e \ G /. 

I i£S J 

1 Same as a metric space except that d is allowed to take values in [0, oo]. For example, 
d(a, b) — \a — b\ for a,b £ [0, oo), d(a, oo) = d(oo, a) = oo for all a G [0, oo) and d(oo, oo) — 
defines a generalised metric on [0, oo]. 
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If J = If this yields the usual definition of uniform convergence. The uniform 
convergence of {g n )n&n to g along / clearly implies /-lim g n (s) = g(s) for all 
s G S. 

Now for the main definition. 

Definition 1.2. Let / be an ideal on N and S any non-empty set. Let B = 
[Bi)i £ s = ((&i i fc)n,fcGN)iGS be a family of (not necessarily regular) matrices 
with entries in R or C and T = (io* )keN,ieS a family in At U 0. Suppose 
that there is some %q G S such that 

oo 

kfy>i*i>o- (+) 

Finally, let s = (sk)keN be a sequence in R or C and a G R or C. 

(i) s is said to be /^-summable to a provided that each of the series 
J2T=i bni s k is convergent and 

oo 

I- lim " n k s k = a uniformly in % G S. 
k=l 

(ii) If each matrix Bi is non-negative then s is said to be strongly B 1 - 
summable to a with respect to T if 

oo 

I- lim ^nfc-^fc^ ( I s fc — a l) = uniformly in i G S 1 . 
fc=l 

(iii) If each i?j is non-negative then s is said to be ^-statistically convergent 
to a provided that for every e > 

oo 

I- lim ^ b^lxD( s ,a,e)(k) = uniformly in i G S. 
fc=i 

If Fjf* = id[o )CO ) for all A; G N, i G S in (ii) we simply speak of strong B 1 - 
summability. Clearly, strong S^-summability to a implies 23^-summability 
to a provided that s is bounded, Y1T=1 ^nk < oo for all A; G N, i G 5 and 

oo 

I- lim ^2 ^nk = ^ uniformly in i G S. 

k=i 

Taking B { = A and F^ = F G O for each i G S and fc G N in (ii) and 
(iii) yields the definitions of strong ^^-summability with respect to F and 
of ^-statistical convergence. If we take I = If and S = No in (i) and (ii) 
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we obtain the definitions of and strong .Fg-convergence. Setting I = If, 

Bi = A for every i G S and io = F Pk for all i G S, k G N in (ii) gives us 
the definition of Maddox's strong j4-p-summability. 

Note also that if each Bi is non-negative then the set Jqj of all subsets 
A' C N such that 

oo 

/- lim ^2 ^ifeXx(^) = uniformly in i G S, 

k=l 

is an ideal on N (the condition (+) ensures N Jb,i)- The /^-statistical 
convergence is nothing but the convergence with respect to Jbj- In the case 
that Bi is the infinite unit matrix for each i G S we have Jgj = I. 

In the next section we will start to investigate the above convergence 
methods. 

2 Some convergence theorems 

If not otherwise stated, we will denote by / an ideal on N, by B = (Bi)i^s = 
((^„l)n,fceN)ie5 a family of real or complex matrices (where S is any non- 
empty index set) such that there is some iq G S with (+) and by T = 

(Fk )feeN,ieS a family in Ad U O. Finally, s = (sfc)fcgN denotes a sequence in 
and a an element of M. or C, as in the previous section. 

The following two propositions (wherein each Bi is implicitly assumed 
to be non-negative) generalise the aforementioned results from [8, Theorem 
2.5]. The techniques used there followed the line of [4] while we will adopt 
the techniques from [3]. 

Proposition 2.1. Suppose that s is strongly B 1 -summable to a with respect 
to J- and that 

L(t) := inf<jX W (t) :kEN,ieS\>0 V< > 0. 
Then s is also B -statistically convergent to a. 

Proof. Let e, 5 > be arbitrary. By assumption there is some E G / such 
that for all i G S 

L G N : fjfe (i) (| Sfc - a\) > 5L(e)| C E. 

But we have 

oo oo 

E^ (l** - ^ > E^ (l** - «l)XD( W )(fc) 
fc=l fc=l 
oo 

>^)E6SxD(w)(fc) 

fc=l 
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for all i G S, k G N. Hence 

( oo 

(.(0 



n 

fc=i 



for every i £ S and the proof is finished. □ 

Proposition 2.2. Suppose that s is bounded and B 1 -statistically convergent 
to a. If J- is equicontinuous at and there exists an A £ I such that 

M := sup|j]&2 : n €N\ A,i G -sj < oo, 

as well as 

h(t) := supji^i) : k £ N,i £ s\ < oo V< > 0, 

£/ien s is abo strongly B 1 -summable to a with respect to T . 

Proof. Let e > be arbitray. Take r > with t(M + /idls^ + \a\)) < e. 
Since J- is equicontinuous at we can find a 5 > such that (i) < r for 
all i £ [0, 5] and all k £ N, i G S. 

Because s is /^-statistically convergent to a there is some E £ I such that 
for every i £ S 



oo 

(0. 



jn G N : J2 b nkXD(s,a,6)( k ) >^j^ E - 
It follows that for every n £ N \ (E U A) and all i G S 

oo 

fc=l 

oo oo 

^ T Y^ b nlxN\D(s,aM k ) + ^ b nk F k\\ S k ~ a\)XD(s,a,8)(k) 
k=l k=l 

oo 

< tM + MHsIL + H)E ft 2Ufl(.,M)(*) < r(M + fc(Hloo + |a|)) < e 

k=l 

and we are done. □ 

So in particular, if B and J 7 meet the requirements of both Proposition 
2.1 and Proposition 2.2 then /^-statistical convergence and strong /3^-sum- 
mability with respect to J- coincide on bounded sequences. Note that all 
the assumptions on T are satisfied if = F Pki for a family {pki)keN,ieS °f 
positive numbers which is bounded and bounded away from zero. 
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If I C Jg i, in other words, if 



I- lim b^ k XA(k) = uniformly in i 6 5 \/A £ /, 
fc=i 

then /-convergence implies /^-statistical convergence (to the same limit). 
Thus if B and J- additionally satisfy the requirements of Proposition 2.2 then 
for bounded sequences /-convergence also implies strong Z^-summability to 
the same limit. Concerning the consistency of ordinary S^-summability 
we have the following sufficient conditions which are analogous to those of 
Toeplitz's theorem. We write di for the set of all bounded sequences (dk)k& 
for which {k £ N : ^ 0} £ /. 

Lemma 2.3. Suppose that X^fcLil^nil < 00 f or o,ll n £ N,i £ S and 



3A £ I M :=sup<{ XKfc :nGN\A,i£5i<oo, (2.1) 



.k=l 



/-lim^^b^afc = uniformly in i £ S V(afc) £ dj, 



k=l 

oo 



/- lim ^2 ^nk = 1 uniformly in i £ S. 



(2.2) 



(2.3) 



k=l 



Then for every bounded sequence s = (s n ) n< z^ in R or C, if I -lim s n = a 
then s is also B 1 -summable to a. 

Proof. Because of (2.3) we may assume a = 0. Let e > be arbitrary. Since 
/-lims n = we have C := {n £ N : \s n \ > e} £ I and hence by (2.2) there 
is some E £ I such that 



n £ 



k=l 



> e \ C E Vi£S. 



But for alH £ S and all n £ N \ A 



k=l 



< 



k=l 



+ E| 6 S XN\c(k)\ Sk\ 



k=l 



< 



k=l 



+ Me, 



thus 



jn £ N : 
and we are done. 



k=l 



> e(l + M) } C E U A Vi£S 



□ 



8 of 32 



9 



The next proposition is the direct generalisation of [11, Theorem 3.3] to 
our setting. Its proof is easy and moreover virtually the same as in [11] so 
it will be omitted. 

Proposition 2.4. Suppose that we are given two families of non-negative 
matrices B = ((&„t)n,fceN)teS and A = ((a%l) n ,k&i)ieS- If 



oo 

(0 1,(0 

nk 



J-lim^JaW -h, 

k=l 

then Jq i = J_ai. 



uniformly in i G 5 



In [1] it was proved that a bounded (real) sequence s is statistically 
convergent to a iff s is Cesaro-summable to a and the "variance" o~ n (s) 2 := 
V n Sr=i( a ~~ V n Ysk=i s k) 2 converges to 0. The proposition below is a 
generalisation of this result. We will use the notation 



k=i 



provided that each P>i is non-negative. 

First we need the following lemma, whose proof is analogous to those of 
Proposition 2.1 and 2.2 and will therefore be omitted. 

Lemma 2.5. Suppose that T and B fulfil the requirements of Proposition 
2.1 and Proposition 2.2 and let y = (y n i)n<=N,ieS be a family in K or C. Put 
A E , n ,i '■= D(s, J/ni) e ) f or all i £ S,n G'N and e > 0. Then 



I-lim ^2 Kl F ki(\sk - Vni\) = uniformly in i G S 



/.(<) 
fe=l 

implies that for every e > 



I-lim b^XA e ,n,< W = uniformly in i G 5 



fc=i 



and i/ie converse is true if s is bounded and sup igN)ne pj\y |y n j| < oo /or some 
F G I. 

Proposition 2.6. Ie£ s 5e bounded. Under the same hypotheses as in the 
previous lemma and the additional assumption that X^fc^il^nil ^ 00 ^ or a ^ 
n G N, i G S 1 and 

oo 

J- lim y] 6^, = 1 uniformly in i G (2-4) 

fc=i 

s is B -statistically convergent to the number a iff s is B 1 -summable to a 
and a n [ F (s) converges to along I uniformly in i G S. 
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Proof. In view of Lemma 2.5 it is enough to consider the case = id[o j00 ) 
for all k G N, i G S. We first assume that s is S^-summable to a and that 

oo 

/-limo"^" F (s) = /- lim fe^ls/c — (Bis)(n)\ = uniformly in i G S. 
fc=l 

Because of 

oo oo oo 

X>£i-* - °i ^ E€k - (^)wi - a i 

fc=l fc=l fc=l 

< ^S^M + - a \ M Vn G N \ A, Vi G 5, 

where j4 and M are as in Proposition 2.2, it follows that s is strongly B - 
summable to a and hence by Proposition 2.1 it is also /^-statistically con- 
vergent to a. 

Conversely, let s be /^-statistically convergent to a. Then by Proposition 
2.2 s is also strongly Z^-summable to a and because of our assumption (2.4) 
it follows that s is Z^-summable to o. Moreover, we have 

oo oo oo 

"JTw = E *2i** - ^ E 6 £i-* -«i+E b nl\ a - 

k=l k=l k=l 

oo 

< b nl\ s k ~a\+ M\a - (B iS )(n)\ Vn G N \ A, Vi G 5 
fc=i 

and hence cr ■ (s) converges to along I uniformly in i G S. □ 

According to [24, Theorem 2], for any regular matrix A the -FA-covergence 
of a sequence implies its almost convergence to the same limit and by [24, 
Theorem 3] the converse is true if A satisfies limn^oo YlT=i\ a nk — a n k+i\ — 0. 
The following two results are generalisations of these facts. Their proofs re- 
main virtually the same and will not be given here. 

Proposition 2.7. Let A = (« n fc)n feeN be an infinite matrix in R such 
that X^A^=il a "fcl < 00 f or all n £ N and I- lim Y2k=i ank = 1- A = 

(i a nl)n,k£N)ieN , where cQ. = a nk _i for k > i and a£ = for k < i. 

Let s G £°° be A 1 -summable to the value a. Then s is also almost con- 
vergent to a. 

Theorem 2.8. Let A and A be as in the previous proposition but assume 
additionally that /-lima n fc = for every k G N, sup ngN \y SfcLil a nfc| < 00 
for some V G / and 

oo 

/-lim^|a nfc - a nfc+ i| = 0. 

k=l 
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Let C be the Cesaro-matrix and suppose that the family C arises from C 
as A from A. Suppose further that the ideal I is admissible and that J is 
another ideal. Let s G £°° be C J -summable to the value a. Then s is also 
A 1 -summable to a. 

In [12] the notion of /-Cauchy sequences in arbitrary metric spaces, which 
generalises the notion of statistically Cauchy sequences of Fridy (cf. [15]), 
was introduced. A sequence (rr n ) ne N in a metric space (X, d) is said to 
be an /-Cauchy sequence if for every e > there is some k G N such 
that {n G N : d(x n ,Xk) > e} G /. For I = If this yields just an equivalent 
formulation of the notion of an ordinary Cauchy sequence. Fridy's notion of 
statistically Cauchy sequences is obtained by taking / = Jc,i f i where C is 
the Cesaro-matrix. It was proved in [12] that every /-convergent sequence 
is /-Cauchy (cf. [12, Proposition 1]) and that, in the case of an admissible 
ideal /, the metric space (X, d) is complete iff every /-Cauchy sequence in 
(X,d) is /-convergent (cf. [12, Theorem 2]). The proof of [12, Theorem 2] 
also shows that every /-convergent sequence possesses a subsequence which 
is convergent in the ordinary sense. 

In [15] it was proved that a sequence of numbers is statistically con- 
vergent iff it is statistically Cauchy, but a third equivalent condition was 
obtained there as well, namely a number sequence (s n )neN is statistically 
convergent iff there is a sequence (t n .)neN which is convergent in the usual 
sense and coincides "almost everywhere" with (s n ) ng N, which in our notation 
means precisely {n G N : s n ^ t n } G Jc,l f - 

It is clear that for any two sequences (x n )neN) (?/n)neN in an arbitrary 
topological space, if (y n ) n eN is /-convergent and {n £ N : i„ / y n } G I then 
(x n ) nS M is also /-convergent. For the case of ^-statistical convergence of 
sequences of numbers we can prove a converse result provided that J- (I) 
has a countable base that fulfils a certain condition with respect to the 
matrix-family B. The proof uses the basic ideas from [15]. 

Theorem 2.9. Let I be an admissible ideal with I C Jqj such that there is 
an increasing sequence (B m ) m ^ in I for which {N \ B m : m G N} forms a 
base of J- {I) and 

oo 

sup sup ^2b ( *lxM\B m (k) ^^>0. (2.5) 
ies neBm k=1 

Then the sequence s = (s n ) n eN is B 1 -statistically convergent to a iff there is 
a sequence (£ n )neN which is I -convergent to a and fulfils {n £ N : s„ / t n } G 
Jb,i- 

Proof. We only have to show the necessity. So let s be /^-statistically 
convergent to a. Put e m = 2~ m and A m = {k G N : — a| > e m } for every 
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m G N. Then for every m G N there exists a set £7 m G / such that 

f oo ~| 

e N : E &A m (fc) >e m C £7 m Vi G 5 (2.6) 



n 

fe=l 



and by (2.5) we can find a strictly increasing sequence (M p ) p€ fq in N such 
that 

oo 

sup sup J2 b nkXN\B Mp (k) <e p Vp G N. (2.7) 

iGS 1 n£B Mp k=l 

Next we fix a strictly increasing sequence (p m ) m gN i n N such that E m C 
% Pm for every m G N. We write F m for B Mpm - Then £ m C F m+1 and 
U£=i F m = N. 

Let m(k) = min{m G N : k G £ m } for every G N and put 



s k if fe G" A m(fc) 
a if fc G A m(fc) . 



It is easily checked that {k G N : \tf- — a\ > e m } C £ m for every m and hence 
(^fc)fceN is /-convergent to a. 

Now it remains to show C := {k G N : 7^ ifc} G Jgj. To this end, fix e > 
and choose m such that X^£m+i £ z — e /3 an d e p m < 
Since I C Jg / we can find £7 G / with 



E 6 2W fc ) > ^ £ £7 Vi € S. (2.8) 



k=l 



Then £ m U E G / and for every n G N \ (F m U £7) and each i G S* we have 
m(n) > m and 

oo oo oo 

E b nkXc{k) = Y bnlxcnF m (k) + E b nlxcn(N\F m )(k) 

k=l k=l k=l 

oo oo 



£ + E b nkXcn(N\F m(n) )(k) + Y b nkXcn(F m(n) \F m )(k) 

k=l k=l 



< 



3 



(2.7) 



m(n) 



Z=m+1 fc=l 
m(n) oo 

l=m+l k=l 
(2.6) 2 ^ 

< E e ' - e ' 

Z=m+1 

which completes the proof. □ 
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Note that condition (2.5) is in particular satisfied for B m = {1, . . . , m} 
if / = If and each Bi is a lower triangular matrix. 

Making use of his aforementioned characterisation of statistical conver- 
gence, Fridy further proved in [15] the following Tauberian theorem for sta- 
tistical convergence: a statistically convergent sequence (s n )neN which sat- 
isfies \s n — s n +ij = 0(l/n) for n — > oo is convergent in the ordinary sense. 
It is not too difficult to obtain the following slightly more general result by 
modifying the proof from [15] accordingly (there the functions if, if) and h 
below are simply <p(x) = 1/x = ip(x) and h(x) = x(l + x)~ 1 ). For the sake 
of brevity, we skip the details. 

Theorem 2.10. Let I be an admissible ideal and A = {a n k) n ,k>\ a lower 
triangular matrix such that I- lim Ylk=i a nk = 1 and I- lim a n k = for every 
k G N. Suppose that (p, if) and h are functions from [0, oo) into itself such 
that ip is decreasing on (0, oo), minfc = i v .. in a n t > if)(n) for every n G N, 
/-limx n = whenever J-lim/i(x n ) = 0, and 

xtp(x + y) > h(xip(y)) Vx, y > 0. 

Let (s n ) nS M and (^n)neN be number sequences such that lim n _ s . 0O t n = 0, 
{n £ N : s„ / t n } € Ja,i and \s n — s n+ \\ = 0(ip(n)) for n — > oo. Then 
/-lim s n = 0. 

Combining the Theorems 2.9 and 2.10 we get the following corollary. 

Corollary 2.11. Under the same general hypothesis as in Theorem 2.10 
with I = If, if (s n ) n6 N is a sequence which is A- statistically convergent to 
the number a and fulfils \s n — s n +i| = 0{(p{n)) for n — >■ oo, then (s n ) ng N is 
convergent to a in the usual sense. 

3 Limit superior and limit inferior 

In [10] Demirci introduced the concepts of limit superior and limit inferior 
with respect to an ideal I on N, generalising the notions of statistical limit 
superior and limit inferior from [17]. For a sequence (s n ) nG N i n ^ put 

/-lim sup s n := sup{i G R : {n G N : s n > t} /}, 
/- liminf s n := inf{i G R : {n G N : s n < t} g" /}. 

The same definitions were independently introduced by the authors of [23]. 
Note that since (s n ) ng N is not assumed to be bounded, it can happen that 
these values are oo or — oo. If / = // the above definitions are equivalent 
to the usual definitions of limit superior and limit inferior. It is proved in 
[10] (and in [23] as well) that /-liminf s n < /-lim sup s n and that (s ri ) ng N is 
/-convergent to a G R iff /-liminf s n = a = /-lim sup s n (cf. [10, Theorems 
3 and 4] or [23, Theorems 3.2 and 3.4]). 
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Let us also remark that 

I- lim sup s n = inf sup{s n : n € N \ A} 
A&I 

and 

/-lim inf s n = sup inf {s n : n € N \ ^4}, 

as is easily checked. 

In [17, Lemma on p. 3628] necessary and sufficient conditions for a real 
matrix A to satisfy the inequality lim sup Ax < st-limsupx for all x € £°° 
were obtained (here, st-lim sup x denotes the aforementioned statistical limit 
superior that was introduced in [17], in our terminology it is nothing but the 
limit superior with respect to the ideal Jc,it j where C is the Cesaro-matrix) . 

Later, Demirci gave a more general necessity result concerning the I- 
limit superior and the /-limit inferior (cf. [10, Corollary 1]). The following 
proposition is a further generalisation of this result while its proof follows 
the lines from [17]. 

Proposition 3.1. Let I,, J be ideals on N and A = (a n k) n ,keN on infinite 
matrix in R such that the following conditions are satisfied: 

oo 

y^|q nfc | < oo Vn € N, (3.1) 
fe=l 

oo oo 

/-lim^|a nfc | = 1 = 7-lim^a nfc , (3.2) 

k=l k=l 

oo 

I-limJ2\a nk \ X E(k) = VE G J. (3.3) 

k=l 

Then 

I- lim sup As < J- lim sup s Vs£ £°° 

as well as 

I- lim inf As > J- lim inf s Vs € £°° . 

Proof. Let s = (s n ) ng N G be arbitrary and put b = J- lim sup s. Since s is 
bounded we have b G M. Also, fix an arbitrary e > 0. Then by [10, Theorem 
1] (or [23, Theorem 3.1]) we have E := {n G N : s n > b + e} € J. We put 
F = N\E. 

For every a£l set a + = max{a, 0} and a~ = max{— a,0}, as in [17]. Note 
that a = a + — a + and \a\ = a + + a~ . 
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oo oo oo oo 



Then for every n € N 

oo 

(As)(n) = ^a nk s k = ^ a+ k XE(k)s k + a+ k x F (k)s k -^a~ k s k 

k=l k=l k=l k=l 

oo oo ^ oo 

< ll s lloo ^2\a>nk\XE(k) + (b + e) ^ a+ k XF(k) + ^ ll s lloo X^ a " fc l ~ Grifc ) 

fc=l fc=l k=l 

OO j oo 

= IMloo ^2Wnk\XE{k) + - Halloo ^(Kfcl - Onfc) 
fc=l fe=l 

b + e ( °° \ 
+ ( ]Tj(Kfc| + a nfc )(l - X£(fc))J • 

Because of £7 € J and the assumptions (3.2) and (3.3) the /-limit of the 
right-hand side of the above inequality is equal to b + e. Together with the 
obvious monotonicity of J-limsup it follows that J-limsup^s < b + e. Since 
e > was arbitrary, the proof is finished. 

The second statement follows from the first one by multiplication with —1. 

□ 

It was also proved in [17] that a sequence of real numbers which is 
bounded above and Cesaro-summable to its statistical limit superior is sta- 
tistically convergent (cf. [17, Theorem 5]). It is possible to modify the proof 
of [17] to obtain the following more general result. We use the same notation 
as in the previous section. 

Theorem 3.2. Suppose that each Bi is non-negative, Y1T=1 ^nk ^ 00 f or a ^ 

n6H,i6S and 

00 

/- lim ^2 "nk = 1 uniformly in % € S. (3-4) 
k=i 

If s = (s n )neN is a bounded sequence of real numbers and a el such that 
s is B 1 -summable to a and Jg,/ -lim sups = a or Jgj-liminf s = a then s is 
B 1 -statistically convergent to a. 

Proof. It is enough to prove the statement for the case Jg^-lim sup s = a. 
Suppose that s is not ^-statistically convergent to a. Then Jg^-lim inf s < 
a and hence there must be some t < a such that E := {n € N : s n < t} 
Jb,i- Consequently, there exists a d > such that 



A:= 4n€N:su P y>Sxs(fc) ><4 2 L ( 3 - 5 ) 
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Fix an arbitrary e > and put F := {n G N : t < s n < a + e} and G := 
{n G N : s n > a + e}. Take 5 G (0, e) with 5|a + e| < e. By our assumption 
(3.4) we have 



C := < n G N : sup 



^=1 



> <5 > g i\ 



It follows from [10, Theorem 1] that G G Jg,/ and hence 



D := \ n G N : sup^ft^cW > 5 \ G J. 



fc=l 



Now let nGff := J 4n(N\(CU 15)) be arbitrary. Since n G A there is some 
i G 5 such that YlT=i b nkXE(k) > d/2. Write M = pH^. It then follows 
from the definitions of the sets E, F, G, C and D and the choice of 5 that 



E 6 2 Sfc = E + E + £ 62, fc XG(fc) 

fe=l fe=l fe=l 

oo oo 

< * E b 2UM*0 + (« + e) E &2xH*0 + M<5 



k=l 



k=l k=t 

oo oo 

t E &£(&) + M5 + (a + £ ) E " - Xg(*0) 

fe=i fc=i 



< * E b nkXE(k) + MS + (a + e) ( 1 - €lxE(k) 



(0. 



fe=i 



fe=i 



+ l« + ^l(E b it^(A ; ) + 



vfe=l 



E€-i 



fc=i 

oo 



<o + e + Me+(t-o-£)^ K> k XE(k) + 2\a + e\S 

k=l 

d 



< a + e(M + 3) + (i - a - e) 



Thus we have 



sup 

ies 



Suppose that 



k=l 



> -{a + e - t) - e(M + 3) Vn G H. 



h := I- lim sup sup 

ies 



fe=i 



< -{a + e-t)-e{M + 3). 
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Then it would follow that H £ I. But C,D G I and hence 
A = H U (C n A) U (D n A) G /, 

contradicting (3.5). 

Thus /i > | (a + e - t) - e(M + 3) and since e > was arbitrary we get 
h > (a — t)d/2 > and hence s is not F^-summable to a. □ 

We conclude this section with a lemma that will be needed later and 
may also be of independent interest. First we need one more definition: a 
number sequence (s n )neN is called /-bounded if there is a constant K > 
such that {n G N : \s n \ > K} G I. Note that /-convergent sequences are 
/-bounded and that the /-boundedness of (s n ) nS N implies that /-lim sup s n 
and /-liminf s n are finite. 

Lemma 3.3. For any ideal I on N and all I-bounded sequences (s n ) n ^ and 
(^n)nGN in ^ the inequalities 

I- lim sup(s n + t n ) < I- lim sup s n + /- lim sup t n and 
/- lim inf (s n + t n ) > I- lim inf s n + /- lim inf t n 

hold. If one of the sequences is I-convergent, then equality holds. 

Proof. It is enough to prove the statement for the /- lim sup. Let a = 
/-lim sup s n and b = /-lim sup t n . If u, v G M such that u > a and v > b 
then A := {n G N : s n > u} G / and B := {n G N : t n > v} G /. Hence 
A U B G /. But 

C := {n en : s n + t n > u + v} C AU B, 

thus Cel. 

If /- lim sup(s n + t n ) > u + v then there would be some r\ > u + v such that 
{n G N : s n + t n > n} G" /, which would imply C G" /. Thus we must have 
/- limsup(s n + t n ) < u + v. Since u > a and v > b were arbitrary it follows 
that /- lim sup(s n + t n ) < a + b. 

Now suppose that (s n ) ng N is /-convergent to a and fix an arbitrary e > 0. 
Put D := {n G N : s n + t n > a + b - e}, E := {uEN:s„>a - e/2} and 
F := {n G N : t n > b -e/2}. 

By [10, Theorem 1] F ^ I and because of /- lims n = a we have N \ E G /, 
i.e., £ G T{I). 

If £ n F G / then (N \ £) U (N \ F) G J"(/) and hence (N \ F) (1 E = 
((N \ U (N \ F)) n E G J"(/), thus N \ F G F(/), contradicting the fact 
that F G" /. 

So we must have F n F ^ / and since F n F C D it follows that D ^ I, 
which implies /-limsup(s n + t n ) > a + b — e. Letting e — > completes the 
proof. □ 
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4 Cluster points 

Pridy ([16]) defined and studied statistical cluster points and statistical limit 
points of a sequence. These concepts were later generalised by the authors 
of [22] to an arbitrary admissible ideal /. Consider a sequence (x n ) n& ^ in a 
metric space (X, d). An element x G X is called an /-cluster point of (x n ) ne pj 
if {n G N : d(x n , x) < e} I for every e > and it is called an /-limit point 
of (x n ) n£ N if there is a subsequence (xn fe )fcgN with {n^ : k G N} G" / that 
converges to For / = //, both notions are equivalent to the usual notion 
of cluster points. Every /-limit point is also an /-cluster point of (x n ) n £^ 
(cf. [22, Proposition 4.1]) but the converse is not true in general. It was 
shown in [23, Theorem 3.5] that a bounded sequence (s n ) nG N in R always 
possesses an /-cluster point and that the /- lim sup and the /- lim inf of 
the sequence is the greatest respectively the smallest of them. It is easily 
observed that the same proof still works if the sequence is only /-bounded. 

Concerning /^/-cluster points, we can give the following characterisa- 
tion. 

Proposition 4.1. Suppose that sup neN ie g Ej^Li %k ^ 00 an< ^ 

oo 

I- lim b^ k = 1 uniformly in i G 5. (4-1) 

k=X 

Then a is a Jqj -cluster point of s = (s n ) nS M iff for every e > 

oo 

I-limmfmf S2 b nlxD(s,a,e){k) < 1. 



k=l 



Proof. Put A e = D(s, a, e) and B e = N \ A e for every e > 0. By definition, 
a is a /^/-cluster point of s iff B £ g" Jgj for every e > which is the case 
iff 



oc 



-limsupsup^6^xs c (fc) > 0. 



ies fc =i 



But Er=l &2x* (*) = E£i € - E£=i €x^ (*)> so because of (4.1) and 
Lemma 3.3 it follows that a is a Jg^-cluster point of s iff 



oo 

/-lim sup sup ( 1 -y^b^lxAeik) ) > 

oo 

l-/-liminfinf^b2xA e (fc) >0 



fc=l 

and the proof is finished. □ 
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This characterisation yields the following sufficient condition for a Jb.i- 
cluster point. 

Corollary 4.2. Under the same assumptions as in the previous proposition, 
if T = (iv^)fc € N,ieS ^ a family in A4 U O such that 

L(t) := inf|F fc W (i) : k € N,i € s} > Vt > and 

oo 

J-liminfinfX:fe (i) (K-a|) = 0, 

* fc=i 

t/ien a is a J^j -cluster point of s. 

Proof. For every e > and all i £ 5,n £ N we have 

oo oo 

E62^ (k-«i)^E 6 2^°(i'*-»i)xD (W )(*) 



fc=l k=l 
oo 



> 



k=l 

and thus it follows from the assumptions that 



/- lim inf inf V &2x£>( w ) (*) = < 1 Ve > 0. 

ieS k=i 

Hence by the previous proposition, a is a Jg^-cluster point of s. □ 

5 Pre-Cauchy sequences 

The authors of [6] introduced the notion of statistically pre-Cauchy se- 
quences. The sequence s = (sfc)fcgN is called a statistically pre-Cauchy 

for every 



I &i Sj | > e | 



sequence if lim n _>oo 1/n 2 G {1, . . . , n} 2 : 

e > 0. They show that a statistically convergent sequence is statistically 
pre-Cauchy and that the converse is not true in general but under certain 
additional assumptions. It is further proved that s is statistically pre-Cauchy 
if 



n n 



. lin liSSl s i- s il = 



n— >oo ^— ^— 

i=l j=l 



and that the converse is true if s is bounded (cf. [6, Theorem 3]). 

We propose the following generalisation of the definition of statistically 
pre-Cauchy sequences to our setting. 
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Definition 5.1. If each Bi is non-negative, a sequence s = (sk)keN of real 
or complex numbers is called a ^-statistically pre-Cauchy sequence if for 
every e > 

oo oo 

/- lim ^ E b nk b nlXD( 8 ,e)(k, 0=0 uniformly in i € S, 

k=l 1=1 

where D(s,e) := {(k,l) € N 2 : \s k - s t \ > e}. 

First we show that, under an additional assumption on £>, ^-statistically 
convergent sequences are /^-statistically pre-Cauchy. 

Lemma 5.2. Suppose that s is B 1 -statistically convergent and 
3A€/M :=sup|^6^:n€N\A,»e5| < oo. 
Then s is a B 1 -statistically pre-Cauchy sequence. 

Proof. Say s is ^-statistically convergent to a. For every e > and all 
n € N \ A we have 

oo oo oo oo 

EE 6 nM?XWM < EEW(XD( W /2)W +XD(w/2)(0) 
fc=l 1=1 k=l 1=1 

oo 

< 2M ^ b nkXD(s,a,e/2){k) -> along J uniformly in z E 5. 

fe=l 

□ 

The next two propositions are the analogues of [6, Theorem 3]. Since 
their proofs parallel very much those of Proposition 2.1 resp. 2.2 they will 
be omitted. In the formulation of both propositions, we differ from our usual 
notation and allow T = (-P^j^jt {eN.ieS to be a family in M. U O with index 
set N x N x S instead ofMxS. 

Proposition 5.3. Suppose that 

oo oo 

I- lim y~] b nk b nl F kl '(I s *; ~ s d) = uniformly in i € S 1 
fc=i z=i 

and 

L(t) := inf/i^i) : A;, / € N, i € s} > Vt > 0. 
Then s is B 1 -statistically pre-Cauchy. 
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Proposition 5.4. Suppose that s is bounded and B 1 -statistically pre-Cauchy. 
If J- is equicontinuous at and 



oo 

3A G / M := sup<j h nh : n G N \ A > * e 5 [ < °°> 

as well as 

h(t) := supjF fe ( f(£) : k,l G N,i G < oo Vt > 0, 

oo oo 

I-lim^^b^i^ - = uniformly in i G S. 

k=l 1=1 

It was proved in [6] that a statistically pre-Cauchy sequence (s n )neN 
which possesses a convergent subsequence (s nk ) k ^ such that the set of in- 
dices {n k : k G N} is "large" in the sense that 

liminf — \{n k : k G N and n k < rail > 

n— >oo /i 

is statistically convergent. This result can be generalised in the following 
way. 

Theorem 5.5. Suppose that I C Jgj and 

sup jZXfc : ^ e N,i G s| < oo. 

Lei a be any real or complex number. Let s = (s n )neN be a B -statistically 
pre-Cauchy sequence and let W C N be such that for every e > the set 
{n G W : \s n — a\ > e} belongs to I and furthermore 

oo 

(0. 



:= /- lim inf inf ^ KkXw{k) > 



w 

k=l 



Then s is B -statistically convergent to a. 

Proof. Take e, 5 > arbitrary. Then V := {k <E W : \s k - a\ > e/2} G /, by 
assumption. Put A := {k G W : \s k - a\ < e/2}, B := {k G N : \s k - a\ > e} 
and C := {(k,l) G N 2 : \s k - s t \ > e/2}. Then A x B C C. 
Let us also fix r G (0, it?) such that t(w — t) _1 < 5. Since s is ^-statistically 
pre-Cauchy there is some E G I such that 

{oo oo ^ 
n G N :J2J2 b nl b nhc(k,l) >r CBViES. 
fe=l j=i J 
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But we have 

oooo / oo \ / oo N 

k=l 1=1 \k=l / \l=l J 

and thus 



n 



oo 



I. \fc=i / \l=i 

Since V € / C Jg / it follows that 



oo 



fc=l 

Because of Lemma 3.3 this implies 



/-limsup y2b [ *' k xv(k) = 0. 
ies 



oc 



= J-liminf inf ^ ^(x^O) + XV 0)) 



fc=i 



(oo oo N 

H b[ nkXA{k) + sup V 6^XV (*0 



oo 



= /- lim inf inf %fcXA(&) =: 
ieS, fe=i 

By [10, Theorem 2] we have 

f oo ^ 

eN:inf j>2xA(*)<r-rU/. 



n 

fc=l 



If n G N \ {E U F) then XXi &2Ub(*0 < r(r - r)" 1 < r(u> - r)" 1 < «5 for 

every i £ S. 

Thus EUF e I with 



n 

fc=i 



oo 



£N:^ &J£xij(fc) >s\qeuf Vies 



and the proof is finished. □ 

By [6, Theorem 5] a bounded statistically pre-Cauchy sequence in M 
whose set of cluster points is nowhere dense is statistically convergent. 
To obtain an analogous result in our setting, we introduce the following 
strengthening of the notion of ^-statistically pre-Cauchy sequences. 
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Definition 5.6. If each B{ is non-negative, a sequence s = (sk)keN °f rea l 
or complex numbers is called a ^-statistically pre-Cauchy sequence if for 
every e > 

oo oo 

I- lim ^ ^2 b nl b nlXD(s,e)( k i = uniformly in i,j G S. 

k=l 1=1 

For ^-statistically pre-Cauchy sequences, Lemma 5.2, Proposition 5.3 
and Proposition 5.4 hold accordingly (with the obvious modifications, one 

can even take a family F = {F^'^)k,i&i,i^&S m MUO with index set N 2 x S 2 
in this case). 

The next lemma generalises [6, Lemma 4] while its proof follows the same 
lines. 

Lemma 5.7. Let I be an admissible ideal. Suppose that Ylk=i "nk ^ 00 f or 
all n G N, 2 6 S and 

( oo ^ 



3AeI M := SU P jXJ b nk n e N \ A i 6 Sj < oo, (5.1) 

oo 

I- lim b^. = 1 uniformly in i G S. (5-2) 



k=l 



Let W be a basis for T(L) such that for every {n\ < 112 ■ ■ ■ nk < Wfc+i . . .} € 
W the following holds: 

00 ^ 
3k £NVk>k inf V \bf, -hf , <-. (5.3) 
z=i 

Let s = (s n ) ng N fre a B ! + - statistically pre-Cauchy sequence in R and a < /3 
suc/i t/iat ff := {n € N : s n 6 (a, /3)} G Jb,i- 

Then X := {n G N : s n < a} G J Bj j or F := {n G N : s n > 0} G Jg,/. 

Proof. Let us put i n = s n if n ^ H and t n = a ii n £ H. Since -ff G Jg,/, 
it is not difficult to see that t = (t n ) n& fq is also ^-statistically pre-Cauchy. 
Put P := {n G N : t„ < a} and Q := {n G N : t n > /?}. Then X C PuH 
and Y" C Q U iT, thus it suffices to show P G Jb,i or Q G Jg,/. Note also 
that t n G" (a, /3) for all n G N and hence Q = N\P. 
For the sake of brevity, we define for n G N and i £ S 

00 

D ni (K) : =J2b® k XA(k) VifCN. 
fc=l 

We claim that 

7-limD ni (P)(l - D nj (P)) = uniformly in i,j G 5. (5.4) 
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To see this, fix an arbitrary e > and note that P x Q C D(t, (3 — a). So, 
since t is /^-statistically pre-Cauchy, there is some E G 7 such that 

[n G N : D m {P)D nj (Q) > |} C £ V», j G 5. 
By (5.2) there exists 7 1 G 7 such that 

{n G N : |D ni (N) - 1| > ^g} CF Vi G 5. 
Because of (5.1) and D n i(Q) = D n i(N) — D n i{P) this easily implies 
{n G N : |A»(P)(1 - D nj (P))\ > e} C E U F U A Vi, j G S, 
proving our claim. In particular, we can find C G W with 

|£> ni (P)(l - L> nj (P))| < i Vn G C,Vi,j G 5. 
Then for every n G C we must have 

su Pj D ni (P)<i or inf D nj (P) > -. 
ies o jes 6 

Write C = {ni < . . . nj. < . . .} and choose ko according to (5.3). 
Suppose first that supj g>s D Uk i(P) < 1/3. Then the same must hold for ev- 
ery k > ko, for elsewhise we could find a minimal k > ko with infj G 5 D nk i(P) 
> 2/3 which would imply 

2 1 1 



1=1 



3 3 3 



for all i G S, contradicting the choice of k$. 

So we have D nk i{P) < 1/3 for all k > ko and all i G S. Now fix again an 
arbitray e > 0. By (5.4) there is G G 7 such that 



?7, G N : \D n i(P){l — D n j(P))\ > 



Since 7 is admissible, 7? := G U (N \ {n^ : k > fco}) is again an element of 7 
and we have 

{n G N : D m {P) > e} C R V? G S. 

Thus we have shown that D n i{P) converges along 7 to zero uniformly in 
i G S, which means exactly that P G Jb,i- 

In the second case, ini^s D nk j(P) > 2/3, one can show analogously that 
Q e Jbj- □ 
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Note that if I = I f and infi 6 sEj=il & 2 ~ 6 nliil < l / 3 for a11 but 
finitely many n G N, then we can take W = {{n G N : n > m} : m G N} 
and condition (5.3) is satisfied. For the Cesaro-matrix C we even have 
lim^ooX^i | c n i - c n+ u \ = 0. 

As in [6], we can now use the above lemma to obtain a sufficient condition 
for ^-statistical convergence. 

Theorem 5.8. Under the same general hypotheses as in the previous lemma, 
if s = (s n ) n6 N is a Jb, I -bounded B+- statistically pre-Cauchy sequence in R 
such that the set Z of all 3^,1 -cluster points of s is nowhere dense 2 in R, 
then s is B 1 -statistically convergent. 

Proof. Suppose that s is Jg^-bounded and ^-statistically pre-Cauchy but 
not ^-statistically convergent. 

As mentioned before, the Jg,/-boundedness assures that there is some a G 
Z. Since s is not /^-statistically convergent there is an e > such that 
{n G N : s n < a - e} G" Jb,i or {n G N : s n > a + e} Jbj- Without loss of 
generality, assume the former. 

As in [6], we will show that (a — e, a) C Z. If not, there would be an open 
intervall (a, (5) C (a — e, a) such that {n G N : s n € (a, G 
It follows from Lemma 5.7 that X = {n G N : s n < a} G Jg,/ or Y := 
{n G N : s n > /?} G J B ,j. 

Since X D {n G N : s n < a — e} ^ Jjgj we would have y G Jb,i- But we can 
find 5 > with /? < a — 5 and because oi a £L Z the set {n G N : s n > a — 5} 
cannot belong to Jgj where on the other hand it is contained in Y. 
Thus Z has non-empty interior and the proof is finished. □ 

As an immediate consequence of Theorem 5.8 we get the following corol- 
lary. 

Corollary 5.9. Under the same general assumptions as in Lemma 5.7, if 
s is a B+- statistically pre-Cauchy sequence in R whose range is finite, then 
s is B 1 -statistically convergent. 

6 A sup-limsup-theorem 

In this section we will present the generalisation of Simons' equality that 
was announced in the abstract, but first we need to recall some definitions: 
A boundary for a real Banach space X is a subset H of Bx* 3 such that 
for every x G X there is some x* G H with x*(x) = \\x\\. By the Hahn- 
Banach-theorem, Sx* is always a boundary for X. It easily follows from 

2 Note that Z is closed (cf. [22, Theorem 4.1(i)]), so "Z nowhere dense" just means that 
Z has empty interior. 

3 For every Banach space Y we denote by By its closed unit ball and by Sy its unit 
sphere. 
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the Krein-Milman-theorem that ex Bx* , the set of extreme points of Bx* , 
is also a boundary for X. 

A famous theorem due to Rainwater (cf. [29]) states that a bounded 
sequence in X which is convergent to some x € X under every functional 
from exBx* is weakly convergent to x. 

Later Simons (cf. [30] and [31]) generalised this result to an arbitrary 
boundary H by proving that for every bounded sequence (x n )neN in X the 
equality 

suplimsupx*(a; n ) = suplimsupa;*(x n ), 

x*eH x*eB x * 

which is nowadays known as Simons' equality, holds. 

An easy separation argument shows that every boundary H satisfies 
Bx* = co w H, but Bx* = coH is not true in general (here co^4 denotes the 
convex hull, A^" the weak*-closure and A the norm-closure of A C X*). 

In [14] Fonf and Lindenstrauss introduced the following intermediate 
notion. Consider a convex weak*-compact subset K of X* (where A is a 
real or complex Banach space). A subset H of K is said to (J)-generate K 
provided that whenever H is written as a countable union H = (Jm=i H m 
then 

cof Q co w *H m ) = K 

\m=l ) 

or equivalently, whenever H is written as a countable union H = Um=i 
with H m C H m+ i then 

oo 

(J co-*# m = K. 

m=l 

Clearly, K = coH implies that H (I)-generates K which in turn implies 
K = co w H, but the converses are not true in general as was shown in [14]. 
It was also proved in [14] that, for a real Banach space, every boundary of 
K (J)-generates K. 

Nygaard proved in [28] that Rainwater's theorem holds true for every 
(I)-generating subset of Bx* and the authors of [2] showed that Simons' 
equality is equivalent to the (I)-generation property (cf. [2, Theorem 2.2], 
see also [20, Lemma 2.1 and Remark 2.2]). 

In [19] the author investigated the possibility to generalise the Rainwater- 
Simons-convergence theorem for (J)-generating sets to some generalised con- 
vergence methods such as strong ^4-p-summability and almost convergence 
by proving a general Simons-like inequality for (J)-generating sets (cf. [19, 
Theorem 3.1]). We will continue this work here, using similiar arguments as 
in [19] to generalise Simons' equality to the J^^-limsup for the case that 
has a countable base and obtain some related convergence results. 

4 The set H is called a boundary of K if max{i*(i) : x* € H} — sup{x*(x) : x* £ K} 
for every x £ X. In this terminology, H is a boundary for X iff it is a boundary of Bx* ■ 
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First we need the following lemma, whose proof is — once more — analo- 
gous to those of the Propositions 2.1 and 2.2. Therefore, the details will be 
skipped. 

Lemma 6.1. Let each Bi be non-negative. Define f : R — >■ [0, oo) by f(t) = t 
fort>0 and f(t) = for t < 0. Put A(s, a, e) := {k G N : s k > a + e} for 
every e > 0. Then 

oo 

J-lim^~^ ^ni/( s fe — a) = uniformly in i G S 

k=l 

A(s,a,e) G Jb,i Ve > 
and trae converse is true if the sequence s is bounded and 



supi J2bf k : n eN\A,i e S \ <oo 



V.Jfe=l ) 

for some A G /. 

Now for the generalisation of Simons' equality. 

Theorem 6.2. Let X be a real Banach space, K C X* a convex weak*- 
compact subset and H Q K an {I) -generating set for K. Let the ideal I 
be such that the filter J- (I) has a countable base, assume that Each Bi is 
non-neagtive and that there exists an A G / such that 



oo 

M := sup<| b nl : n e N \ A * e S } < 



oo. 



kk=l ) 

Let (x n ) ng N be a bounded sequence in X. Then the equality 



sup J,B i /-limsupx*(x n ) = sup J,B j /-limsup2;*(x n ) 

x*eH x*eK 



holds. 



Proof. Denote the left-hand supremum by c, the right-hand supremum by 
d. We only have to show d < c. Let R = sup ngN ||x n ||. Let (C n ) nG N 
be a countable base for J- (I). Without loss of generality we may assume 
Cn+i C C n for all n. Take x* G K and e > arbitrary and put 

E m = jy* G K : b nkf(v*( x k) ~ c) < e G 5, n G C m | 

and = E m DH Mm G N, 

where / is as in the previous lemma. Then iT m C H m+ \ for every m G N. It 
follows from [10, Theorem 1] that {n G N : y*(x n ) > c + 5} G Jgj for every 
5 > 0. Together with the previous lemma this easily implies Um=i = H. 
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Since H (I)-generates K we get that 

oo 

K= (J co w 'H m . 

m=l 

Thus we can find m G N and y* G co"' ff m with \\x* — y*\\ < e. It is easily 
checked that E m is convex and weak*-closed, hence y* G E m . But for every 

k g N 

/(x*(x fc ) - c) < /(x*(x fe ) - y*(x k )) + f(y*(x k ) - c) 
< \\x* - y*\\\\x k \\ + f(y*(x k ) - c) < Re + f(y*(x k ) - c). 

It follows that 

oo oo 

^J{x*{x k ) - c) < Mfe + ^ b®f(y*(x k ) - c) < e(MR + 1) 

k=l k=l 

for every i G 5 and every n G C m n(N\ J 4). Since C m n(N\A) G and e > 
was arbitrary we conclude with Lemma 6.1 that {n G N : x*(x n ) > c + 5} G 
Jb,i for every 5 > 0, whence J5 j /-limsupx*(x n ) < c. □ 

As a corollary, we get the following convergence result. 

Corollary 6.3. Under the same hypotheses as in Theorem 6.2 with K = 
Bx*, if x G X is such that (x* (x n )) nS N is B 1 -statistically convergent to 
x*(x) for every x* G H then the same holds true for every x* G X* , i. e., 
(x n ) ng N is "weakly B 1 -statistically convergent to x". 

Moreover, for every family F = (-P^ )fceN,ieS in A4UO which is equicon- 
tinuous at and satisfies 

inf|F^ } (t) : k G N,i G s} > Vt > 

and 

supji^ 00 ^) : k G N,i G S"} < oo V< > 0, 

(x*(x n )) nS N is strongly B 1 -summable to x*(x) wii/i respect to T for every 
x* G X* whenever this statement holds for every x* G H . 

Proof. The first statement follows directly from Theorem 6.2 and the second 
follows from the first one via the Propositions 2.1 and 2.2. □ 

It is clear that this convergence result carries over to complex Banach 
spaces (note that if X is a complex Banach space and H (J)-generates Bx* 
then {Rex* : x* G H} (J)-generates {Rex* : x* G Bx*}, the unit ball of the 
underlying real space). 
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In particular, if we take each Bi to be the infinite unit matrix, we get that 
for every ideal I such that J- (I) has a countable base, I- limx*(x n ) = x*(x) 
for every x* G X* whenever this is true for every x* in an (J)-generating 
subset of Bx* (in particular, in a boundary for X). We can also prove an 
analogous convergence result for £^-summability. 

Proposition 6.4. Let X be a real or complex Banach space and H C Bx* 
an (I) -generating set for Bx*- Suppose that has a countable base, 

Y^=i\^nk\ < 00 f or fliin G N,i G 5 and moreover 



M :=su P|Xj| b «* :nGN\il J i€S r |<oo 
for some A G /. 

Let (x n ) nG N a bounded seauence in X andx G -X^ such that (x* (x^))^^]^ 
is B 1 -summable to x*(x) for every x* G -ff. T/ien i/ie same is true for every 
x* G X*. 

Proof. Let (C n ) nS N be a decreasing countable basis for J 7 (I). Let i? > 
sup ngN ||x n || and R > \\x\\. Take any x* G Bx* and fix an arbitrary e > 0. 
Define 



■En 



and .fL, 



y* G Bx* : sup 



fc=i 

E m DH Mm G N. 



< e Vn G Cn 



Then H m /*• H and since H (J)-generates Bx* we can find m G N and 
y* G co w * H m such that — y*|| < e. 

It is not too hard to see that E m is convex and weak*-closed and thus 
y* G E m . Consequently, for alH G S and n G C m n (N \ A) we have 



k=l 



< 



^l(x*(x k )-y*(x k )) 



+ 



k=l 

+ \y*(x) -x*(x)\ 

y*\\R < e(R(M + l) + 1). 
Since C m n (N \ A) G J~(I) and e > was arbitrary we are done. 



£ 6 2v*(**) -»*(*) 
fc=i 

< M||x* -y*||i? + e 



□ 



The next result concerning ^-statistically pre-Cauchy sequences is a 
generalisation of [19, Corollary 3.5]. Using Proposition 5.3 and Proposition 
id[o,oo) f° r au k, I G N and i G S 1 its proof can be carried out 



5.4 with F, 



ki 



analogously to that of Proposition 6.4. The details will be omitted. 
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Proposition 6.5. Let X be a real or complex Banach space and H C Bx* 
an {I) -generating set for Bx* ■ Suppose that J- {I) has a countable base, that 
each Bi is non-negative and that there is some A G / such that 



SU P <| b nl : U G N \ A ' i G S ( < °°' 

sfc=l 



Let (x n ,) n6 N be a bounded S6QU6TIC6 ifl X SUCH thttt {%* {Xrifjn S N is B 1 -statisti- 
cally pre-Cauchy resp. B+- statistically pre-Cauchy for every x* G H . Then 
the same is true for every x* G X* . 

Finally, let us give characterisations of weak-compactness and reflexivity 
that generalise [19, Corollaries 3.7 and 3.8]. 

Corollary 6.6. Let M be a bounded subset of the Banach space X and B 
an {I) -generating set for Bx*- Then M is weakly relatively compact if (and 
only if) for every sequence (x n ) nS N in M there is an element x G X, an 
ideal I on N such that J~{I) admits a countable base and a non-negative 
matrix A = (a n k) n ,k>i such that 

oo 

3C € I SUp 2, a nk < CO; (6-1) 

nGN\C fc=1 

7-limonfc = Vk E N (6.2) 
and (x*(x n )) n ^ is A 1 -statistically convergent to x*(x) for every x* € B. 

Proof. Let {x n ) n( ^ be an arbitrary sequence in M and fix x, I and A as 
above. By Corollary 6.3 (x* (x n )) n ^ is ^-statistically convergent to x*(x) 
for every x* G X* . Thus, given finitely many functionals »*,... ,x* m 6 X* , 
the sequence (X^Lil^jK^n — ^)|)nGN is ^-statistically convergent to zero. 

Hence for any e > the set D e = jn € N : X^j=il x }( 3; n — x )l < e | does not 
belong to Ja,j- 

By (6.2), Ja,i is admissible, therefore D £ must be infinite for every e > 0, 
which shows that x is a weak-cluster point of (x n ) ng N- 
So M is weakly relatively countably compact and by the Eberlein-Shmulyan 
theorem, it must be also weakly relatively compact. □ 

Corollary 6.7. If Bx is an (I) -generating set for Bx** 5 , then X is reflexive 
if (and only if) for every sequence (x*) ne ^ in Bx* there is a functional 
x* G X* , an ideal I on N such that J- (I) admits a countable base and a 
non-negative matrix A such that (6.1) and (6.2) are satisfied and (x*(x)) nS N 
is A 1 -statistically convergent to x*(x) for every 

Proof. By the previous corollary, Bx * is weakly compact, thus X* and hence 
also X is reflexive. □ 



3 We consider X canonically embedded into its bidual. 
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